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The connection between the Hamihon and the standard Lagrange formahsm is estabhshed for a 
generic Quantum Field Theory with vanishing vacuum expectation values of the fundamental fields. 
The Effective Actions in both formalisms are the same if and only if the fundamental fields and 
the momentum fields are related by the stationarity condition. These momentum fields in general 
differ from the canonical fields as defined via the Effective Action. By means of functional methods 
a systematic procedure is presented to identify the full correlation functions, which depend on the 
momentum fields, as functionals of those usually appearing in the standard Lagrange formalism. 
Whereas Lagrange correlation functions can be decomposed into tree diagrams the decomposition 
of Hamilton correlation functions involves loop corrections similar to those arising in n-particle 
effective actions. To demonstrate the method we derive for theories with linearized interactions the 
propagators of composite auxiliary fields and the ones of the fundamental degrees of freedom. The 
formalism is then utilized in the case of Coulomb gauge Yang-Mills theory for which the relations 
between the two-point correlation functions of the transversal and longitudinal components of the 
conjugate momentum to the ones of the gauge field are given. 
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I. INTRODUCTION 

The path integral method within the Lagrange formal- 
ism is a fundamental tool to formulate Quantum Field 
Theory. Certainly, the treatment of the same theory 
within the canonical operator formalism is somewhat 
more cumbersome. In fact, additionally to the operator- 
ordering problems of gauge theories [ij, [^ , the formal in- 
variance properties of a generic theory admit additional 
transformation laws which are not present in the La- 
grange formulation. The "momentum fields" in such a 
case are not related to the fundamental fields by means 
of the canonical equations, see, e.g., ref. '■^, but consti- 
tute separate degrees of freedom with independent trans- 
formation properties and thus symmetries. As a conse- 
quence the number of variables in the path integral in- 
creases in comparison to the Lagrange formalism. This 
introduces for most theories considerable additional com- 
plications in perturbative as well as non-perturbative cal- 
culations [i,ll,[E[3- 

On the other hand, some recent studies indicate that 
the first order formalism proves to be a successful tool to 
study the required complete cancellation of the energy di- 
vergences [8| that emerge in a perturbative treatment of 
Coulomb gauge Yang^ills theory within the standard 
Lagrange formalism [3, Q. Coulomb gauge Yang-Mills 
theory has attracted attention since one possible solu- 
tion to the confinement problem in QCD is provided by 
the "Gribov-Zwanziger" scenario [^, [lOl (c/ also ref. 
[111]). However, the problem of renormalizing Coulomb 
gauge Yang-Mills theory is still unsolved since these en- 
ergy divergences cannot be regularized using any of the 
standard procedures. Recently it was illustrated how 
these energy divergences cancel at each order in per- 



turbation theory |12| . In order to perform explicit cal- 
culations a number of methods have been applied as 
e.g. introducing a novel method to reg ularize Feyn- 
man integrals in non-covariant gauges |13l . Il4| , employ- 
ing algebraic renormalizability [8], and trying to recover 
Coulomb gauge Yang-Mills theory as a limit of an inter- 
polating gauge [l^. On the other hand, there are several 
indications that the canonical or first order formalism 
is better suited for studying Coulomb gauge Yang-Mills 
theory [1, i, S 0, i, [11 IM llll, ll8|. Yet, even if such 
an approach would be successful, due to the dramati- 
cally complicated form of the functional equations in the 
first order formalism, an explicit non-perturbative study 
is far too involved to be computationally feasible. There- 
fore, an analysis in the second order formalism would be 
highly desirable. To this end we provide general con- 
nections between the Greens functions in the two formu- 
lations that should help to perform the renormalization 
in the Lagrange framework according to the insight in 
the renormalization procedure obtained in the Hamilton 
framework. 

In order to establish general relations between dressed 
correlation functions in the different formulations we 
exploit the following properties. At vanishing sources 
associated to the momentum fields the Effective Ac- 
tion {i.e. the Generating Functional of one-particle- 
irreducible (IPI) Green's functions) of the Hamilton for- 
malism reduces to the one of the Lagrangean approach. 
This allows to reduce the set of Dyson-Schwinger equa- 
tions (DSEs) [1^, [20] in the first order formalism to the 
corresponding set derived from the standard path inte- 
gral representation. An important special case is given 
if the Hamiltonian is quadratic in the momentum fields. 
For a corresponding Generating Functional the Integra- 



tion over the momentum fields can be performed and any 
TO— point function involving this field as the average of a 
polylocal function of the quantum canonical momentum 
fields can be determined. This means that the full cor- 
relation functions involving these canonical variables can 
be found as a functional of those that usually appear in 
the standard path integral representation. The procedure 
to find these connections is closely related to the func- 
tional method used in the derivation of the DSEs (see e.g. 
ref. [2l|). In this paper we give the explicit form of these 
relations for a general four-dimensional renormalizable 
theory. This includes the case that the interaction terms 
involve the time derivative of the fields. In a final step we 
resolve the relations between the proper two-point func- 
tions in both frames by considering the inverse of the 
matrix-valued propagators in the Hamiltonian approach. 

Moreover, we show that similar connections arise for 
theories where not the kinetic but the interaction part 
is linearized. Such a bosonization procedure is an im- 
portant technique used in many parts of physics rang- 
ing from hadronic physics to condensed matter systems. 
Our results explicitly verify, in agreement with other ap- 
proaches, that there is no double counting in bosonized 
theories, but instead a given correlation function in the 
underlying theory is exactly given by the sum of all possi- 
ble contributions involving both the fundamental and the 
composite degrees of freedom in the bosonized theory. 

This paper is organized as follows: In Sect. II the func- 
tional equations for DSEs and a Symmetry-Related iden- 
tity (like Ward-Green- Takahashi, resp. Slavnov- Taylor, 
identities (STIs) of a gauge theory [ll, [H, HI [H 111 ) 
in the phase space formulation are given. In Sect. Ill 
we present the first order DSEs of theories which are 
quadratic in the momentum fields. In addition, we de- 
rive a method to determine the correlation functions and 
the STIs including momentum fields from the respective 
quantities that usually appear in the standard Lagrange 
representation. Diagrammatic rules and the general de- 
composition of the full proper functions in the Lagrange 
formalism are given in Sect. IV, while in Sect. V and 
Sect. VI we detail the explicit decomposition of the con- 
nected and proper two-point functions in the Hamilton 
framework, respectively. In Sect. VII we show that the 
formalism can also be utilized in the case composite of 
auxiliary fields, and last but not least in Sect. VIII we 
apply the formalism to the case of Coulomb gauge Yang- 
Mills theory. In the last section we conclude while es- 
sential steps of many calculations have been deferred to 
several appendices. 



discussed in Sect. IV. D, for fermionic fields the relation 
between the two formalisms is trivial. Therefore we will 
treat only the case of bosonic fields in this and the next 
section. 

In the case of gauge invariant theories we will suppose 
that the Hamiltonian 7i includes the additional terms 
that arise when the constraints associated to such theo- 
ries, like e.g. Gauss' law in Quantum Electrodynamics, 
are localized. In this context each Lagrange multiplier 
necessary to impose the constraints will be treated as a 
fundamental field. Certainly the presence of these terms 
leads to the main differences between gauge theories and 
the more conventional Hamiltonian systems. In addition, 
in a fixed gauge, ghost fields appear. The usual path 
integral representation of these Grassmannian variables 
is formulated within the first order formalism (see also 
Sect. IV. C). Thus, in the case of a gauge theory they will 
be analysed in an independent way (for details see Sect. 
IVIIII) . In this section, to set up the problem, we will 
disregard for the moment these potential complications. 

Let us suppose, in addition, that the fields Pm{x) and 
qm{x) are coupled to a set of classical sources given 
by J^(cc) and J^(a;), respectively. Under such condi- 
tions the source dependent vacuum-to- vacuum transition 
amplitude between the asymptotic states | Vac, in) and 
Vac, out) looks like 



Z[J] = (Vac, out I Vac, in) 



J 



= / V[q]V[p\ exp <^ - (/ [q,p, J] -f ie-terms) \ (1) 

where [q\ denotes the collection of all fundamental fields, 
whereas [p\ the corresponding momentum fields. For 
more details see section 9.2 of the Ref. [3]. Here the 
argument in the exponential has the structure 

I[qiP, J] = la [q,p] + / d'^x.J{x) ■ (j){x) 
where 

include both momentum and fundamental fields and 
sources. The components of the sources in this notation 
are distinguished by upper labels, whereas 

Io[q,p] = dri d^x(p,n{x)qm{x) 



II. FUNCTIONAL EQUATIONS 

We start our analysis by considering a generic Quan- 
tum Field Theory formulated within the first order for- 
malism. The Hamiltonian density Ti.{qm{x),Pm{x)) de- 
pends on the fundamental fields qmix) and the conju- 
gate momentum fields pm{x), respectively. As will be 



-n{q{x),p{x)) 



(2) 



looks like the classical expression for the Hamiltonian 
action. Note that the part concerning to the e terms 
in Eq. ^ have the function to produce the necessary 
ie's in the denominators of all propagators such that the 
correct boundary conditions of the fields at asymptotic 
times, (7m(x, ±oo), are implemented (see again Ref. [3). 



The fact that /o[g,p] looks like the action expressed 
in terms of canonical variables is somewhat misleading 
since the momentum fields Pm{x) are independent vari- 
ables and therefore not yet related to the fundamental 
fields qm{x) or their derivatives. In particular, since the 
path integral is not saturated by its saddle point (s) they 
are not constrained to obey the equations of motion of 
classical Hamiltonian dynamics dIo/S(j) = where 



SIo 



SIa_ 






dH 



dH 



dip / \ -^ _ Y7 . C't 4_ ort 



dH 
dq„ 



(3) 



The path integrals, however, contain the information 
about these equations of motion. Indeed, let us consider 
the operator version of Eq. ([3|) . Its vacuum expectation 
values in the presence of the external classical sources 
can be expressed as 



JT^ _ S V[q]V[p] 
S(t> ~ 



h 5 



exp{|/[i7,p, J]} 



(OoutIO 



J. 



in/ J 



(4) 



Assuming the absence of any boundary terms, the in- 
tegral of such a functional derivative vanishes. Then by 
substituting each of the elementary objects present in Eq. 
([3]) by the derivative with regard to the respective classi- 
cal sources, the following functional differential equation 
arises 



Sin 



<P(^)~*tjA^ 



Z[J] = -J{x)Z[J]. 



(5) 



It contains all equations of motions fulfilled by all Green's 
functions. 

Introducing the Generating Functional of connected 
Green's functions, yV^[J] = —i\n(Z[J]), allows us to 
rewrite Eq. (O as 



SIo 



'Py-i-)^ sj{x) ^ i sj(x) 



= -J{^) 



(6) 



where in the last step we made use of the following iden- 
tity 

^(^)exp(e5(J)) = exp(6(J));?(^ + A) (7) 

for arbitrary functionals 5' and 25. This set of equations 
constitutes the DSEs for the connected Green's functions. 
In the next step we introduce the vacuum expectation 
values of the momentum and the fundamental fields in 
the presence of sources 



m 



1 (5W 



H 



i SJ{x) 




/ 1 sw" 



1 sw" 



(8) 



We assume that it is possible to invert these relations 
such that the sources are expressed as functionals of the 



vacuum expectation values of il{x) and Q{x). Hereby 
the replacements of variables in Eq. ^ becomes 



(x) -. 0[J](:r) + - /dVD[J](x,x');jTf7T 
« J dcpix') 



where 



B[J]{x,x') 



AZ[J]ix,x') AZ[J]{x,x') 



AZ[JKx,x') AZ[J]ix,x') 



(9) 



(10) 



are the source-dependent two-point Green's function 
where 



^pq 



1 SW"[J] _Sqi[J]{x') 
i SJP{x)SJi{x') SJP{x) 



(11) 



and APP[J], A99[J] and A9p[J] are analogously defined. 
The Effective Action in the first order formalism 
T^[qjn,Pm] can be defined by the Legendre transform of 
yV^[J] with respect to the associated "averaged" fields 
of the theory 

T"[4>] %^ W"[J] - f d\j{x) ■ 4>ix). (12) 



Remember that the compact notation implies a twofold 
Legendre transformation in the two independent compo- 
nents q and p. By considering the functional derivative 
of T^[q,p] with respect to Pi{x) and qi{x) we obtain as 
expected 



sr 



H 



54>ix) 



-J{x). 



(13) 



Substituting Eq. (|T3l) into Eq. ([6]), however, we obtain 
with the replacement Eq. ^ the desired functional dif- 
ferential equations for r^[q, p]. 



ST 



H 



SIo 



5(j>{x) (50(x) 



(x)^^[J](x) + i f d^x'0[J]{x.x')j^ 



(14) 

This relation generates all DSEs for the IPI Green's func- 
tions of the first order formalism. The method to obtain 
such a functional relation will be employed several times 
in the following. 

The derivation of the proper propagators is straight- 
forward when keeping in mind that they are embedded in 
a matrix. In fact, taking a derivative with regard (jj^x') 
in Eq. (fn|) we obtain 



Gmx",x')^ 



( 



V 



s^v^ 



5^r^ 



(5pt7t, (a^")<^PTi (a:') (5pm {x"')bqji{x'^ 



(15) 



g'Y' 



g'V^ 



Sqm (x")5pn{x') Sq^n {x")5qn {x') 

This expression and Eq. (fTU)l are related via the identity 



/ 



d^x"0[J]{x,x")<G[^]{x'\x') = -I, 



(16) 



which can be obtained by taking a derivative with re- 
spect to the source J in Eq. P^ . Hereby I = SjnnS'^{x — 
x') ® l2x2 denotes the identity in the considered space. 
Any other connected or proper Green's function can be 
derived by considering higher order derivatives with re- 
spect to J and (f) in Eq. (fTO|) and Eq. (fT5|) . respectively. 
In general, these functions are constrained by the sym- 
metry properties of the initial "action" . In the case of 
a gauge theory a corresponding derivation leads to the 
STIs. For Coulomb gauge Yang-Mills theory it is pre- 
sented in Sect. IVIIII Here we will illustrate the potential 
complications arising in the first order formalism. For 
this it sufficient to assume that Jo is invariant under the 
simultaneous infinitesimal transformations 






(17) 



and also assume that they leave the path integration mea- 
sure invariant. Performing this substitution in Eq. ([1]) we 
can obtain the following "Symmetry-Related Functional 
Identity" 



V[q\D[p] I d'^xJ{x) ■ 5(i)(x) exp 



:/[0,J] 



(18) 



In the next step we substitute the fundamental and mo- 
mentum fields by the respective derivatives with respect 
to the classical source. Following a procedure similar 
to the derivation of the DSEs we rewrite the symmetry- 
related identity Eq. (fT8|) and express it in terms of the 
full Generating Functional Z[J]: 



d xJ{x) ■ Scf) 



h S 



Z[J]. 



(19) 



Analogously, the above relation can be rewritten for con- 
nected Green's functions 



0= / d'^xJ{x) ■5<l)[<l)\\ 






(20) 



As before, Eq. p^ can be reformulated in terms of the 
Effective Action 



= d'^x 



ST 



H 



sm 



4>~*$[J] + !iJd'iyalJ]ix,y] 



(21) 



s^(v) 



This identity verifies that the Effective Action in first 
order formalism preserves the continuous symmetries of 
the initial canonical quantum action. 

At this point the DSEs and the symmetry-related iden- 
tity Eq. p^ of a QFT seem to be more cumbersome than 
the usual one which appear in the standard path integral 
formulation. However, in the next section we shall show 
that under certain conditions the above system can be 
reduced to the latter one. 



III. THE CONNECTION BETWEEN 
LAGRANGE AND HAMILTON FORMALISM 

From here on we will denote all the variables a field de- 
pends on by a single latin index. For instance in case of a 
gauge field such indices will indicate the space-time point 
X, the vectorial index /i, and the adjoint gauge group in- 
dex a. Repeated indices are summed and integrated over 
for discrete and continuous variables, respectively. Also 
all fundamental fields will be denoted by the same letter 
q. Similarly, p will represent all momentum fields. 

Let us now consider the path integral representation of 
a n-point function involving only momentum fields 



41- 



(Oout|T{lI,, ...ri,„}|0in) 



JV[q]V[p]p.,, 



l"~"(0out|0in)j 



(22) 



•P-*„exp[|/[g,p, J] 



■JV[q]V[p]e^p[j-I[q,p,J]\ 



Here T is the time ordering operator, and Hi = iim(x, t) 
are the Hermitian momentum field operators in the 
Heisenberg picture. The expression (j22p can be written 
via functional derivatives with respect to Jf as 



^41... J, 



/^M^Hf 



i Jj^ 



h 5 



exp 



[i{I[q,P,J]}] 



JV[q]V[p]exp[j.{I[q,p,J]}] 



(23) 

In the following we will consider only the important 
class of Hamiltonians which are at most quadratic in 
the momentum fields. Note that this case is realized for 
all renormalizable and most non-renormalizable theories. 
For later use we write the Hamiltonian in the form 

^ = ^P^-^v il]Pm + B^ [q]p^ + C [g] , (24) 

which defines a real, symmetric, positive and non- 
singular matrix A as well as the real functionals of 5, 
Bi[q\ and C[q\. For the considered class of Hamiltonians 
the Gaussian integration over p can be performed ana- 
lytically. As shown in appendix [X] it yields an expression 
of the form 



21. 



/^Mf 



& 



h s 
i 7W 



exp 



\S\q.J] 



'" /!?[(?] exp lS[q,J\ 



(25) 



The general result for the new action arising in the ex- 
ponential is given in Eq. (|A7p . 

For simplicity we will discuss first the standard Hamil- 
tonian with Aij [q] — Sij . The general case where A is 
non-trivial is realized e.g. in the case of Coulomb gauge 
QCD which will be discussed in Sect. IVIIII (For the mo- 
ment we only note that then the inverse matrix, ^"""^[g], 
appears in the following expressions as a prefactor of Jp 
making in general the action Sq non-local.) In the con- 
sidered simpler standard case the new action possesses 



the structure 

where So is the standard action 



(26) 



So[q] 



1 



q'q' 



1 



q^B^[q] +-B^[qmq]-C[q]. (27) 



The appHcation of Eq. ([7]) on the integrand present in 
Eq. (I^S)) makes it possible to write 



^p...p 

tl ...In 



where the operator 



im{oix_,{ji + ^)}e.p 



is 



JV[q]exp 



(28) 



^^::l.-nf^ + tn4) '''' 



1=1 



only acts on the function inside the curly brackets. Note 
that the integrand in the numerator is a functional de- 
pending on the fields q as well as the sources Jq and Jp. 



A. Alternative form of the DSEs 

Analogous to Eq. © we can write the partially inte- 
grated expression Eq. (^5)1 in terms of the Generating 
Functional of connected Green's functions. Let us spe- 
cialize to the case of one-point Green's functions, i.e., the 
vacuum expectation values of the momentum fields 



P^[J] 



SSo^ 

Sqi 



Jf 



sw 



H 



Eq. IT^ allows to express Eq. ([50)1 as 
<5r^ _ SSo 



5pz 



5vvil I n 5 



'P'i. 



(30) 



(31) 



Here the dependence on the average momentum fields is 
made explicit and the action in the Lagrange formalism 
appears which depends only on the (/-fields. From a func- 
tional point of view it is more convenient to express this 
via Eq. ([301) as 



5T 



H 



Spi 



Pi 



SSo 
Sqi 



0^</.[J] + 4.A**[J]^ 



Now, employing the identity 







V[q]—- / P[p]exp 
oqr 



j:IhP,J] 



(32) 



(33) 



we perform the p— integration, so that the above expres- 
sion reads 



o=/i>I,l|f 



J^y. 



SqiSq„ 



+ J! exp 



-^S[q,J] 



(34) 



which makes it possible to obtain an analogous form of 
the field equations 



6T 



H 



Sqi 



SSo^ 
Sqi 



ST" S'Sq 
Spm SqiSq,n 



0^./-[J] + |-A**[J]-; 



(35) 



Eqs. (|32|) and ([3511 represent alternative forms of the first 
order DSEs ([TI)) . 

This alternative form of the DSEs allows us to find cor- 
responding equations for the fundamental proper Green's 
functions by taking derivatives with respect to the mo- 
mentum and/or fundamental fields. This way the proper 
momentum propagator can be written as 



2-rH 



S^T 



SpiSpj 




(36) 



whereas the corresponding mixed Green's function is 

S^T" _ S f SSo^ \ 

Sq.Spj Sq, y Sqj ,^,-[j] + |A<.<.[J]f / ' 



(37) 



In a similar way, the other mixed propagator can be 
written as 



2rH 



s^r 



SpiSqj 




.g[,/] + -|A<!<![J]. 



S'T" S'So 



SpiSpm SqjSq„ 



0^<^[J] + |A**[J]^ 



, (38) 



whereas the fundamental field propagator is given by 



2rH 



ST 



SqiSqj 




^qlJ] + !iAll[J] 



71/ 



S'So 



SqiSpm SqjSqr, 



<Pi^HJ] + T^'^'*lJ]l 



(39) 



Hereby, in the derivation of Eqs. ([55| and ([55|l we have 
discarded those terms that vanish when the sources are 
set to zero. In addition, note that the proliferated oc- 
currence of Green's functions involving the p— field arises 
from functional derivatives on A?^[J]. As will become 
clear below, despite the different appearance, the struc- 
ture of Eqs. ([55]) and ([5^ is related to the one of Eqs. 
and ([57]) . 



B. Pure and mixed momentum correlation 
functions 

In this subsection we derive expressions for first order 
correlation functions entirely in terms of second order 
correlation functions. To this end, we start from Eq. 
([28)1 . Subsequently, we again follow a procedure similar 
to that used in the derivation of Eq. ^ thus arriving at 
a general expression for arbitrary momentum correlation 
functions, 



^p...p 






Jf 



SSq 



jp=o. 






(40) 



In contrast to the corresponding equation for the one- 
point function, Eq. pO|) . (which did lead to the aherna- 
tive set of DSEs) here the connected Generating Func- 
tional in the standard Lagrange formalism appears. Note 
that the latter does not depend on Jp anymore. From 
the above functional equation, any other ?n-point Green's 
function with n-external legs associated to the J^'s is ob- 
tained by taking m~n derivatives with regard to J^ and 
setting them to zero. In particular, the quantum aver- 
age of the momentum fields becomes a functional of the 
averaged field q, 



Pi[<l] 



SSo^ 
Sqi 



q^^qdJ''] + T'^'l][J''h 



(41) 



Already at this point we want to point out that the aver- 
aged momentum field is generally not given by the usual 
definition of a canonical momentum field p^^" on the level 
of the Effective Action 



P^[J = 0] = 



5S_ 



^ Sq ^' 



(42) 



This will be shown explicitly in subsection I VI Al 

In addition, the relation between the pp— correlation 
functions and those that appear in the standard formal- 
ism can be expressed as 



Af^|'[J'] = iSijPk + iS^kPj + iSjkPi + 



+ i^ 



SSq SSq SSq 

Sqi Sqj Sqk 



q^q[Jl\ + SrAll[Jl] 



(47) 



(48) 



Sq 



where in the last expression we have used the previous 
results. 

Employing Eqs. (|45|) and Eq. (J47|) the first and second 
derivatives of p with respect to q can be expressed as 
functionals of the remaining elements. In this way the 
vacuum expectation value of p can be expanded. In fact, 
up to second order in the classical field it reads 



SqjSqi 

1 

2! 



s^r 



SqiSq.Sq 



■Af 



J^J^^.qqp' 

SqMnSqjSqi '"™. 



(49) 



Since AfJ can be computed using the procedure detailed 
above, the expression (|49p determines p as a function of 
the second-order dressed correlation functions. 



C. Inverting the matrix propagator 



^3 



SSq SSq 

Sqi Sqj 



q^q[Jl] + IiAll[.Jl]-^ 



(43) 



whereas the corresponding mixed gp— correlation func- 
tion can be written as 



A^[J«] 



5 



S_S^ 
Sqj 



sm 

5J1 



h 5 
i SJI 



(44) 



By using the chain rule S/SJ^^ = Sqn/SJ^S/Sqn, Eq. ([44] 
can also be given in the form 



A?f[Jl 




q^g[J5] + -|A<!<![J9], 



'' Sqi 



(45) 

The other mixed correlator A^' can be immediately in- 
ferred from the bosonic nature of the fields, Af,' = A'f . 
Similarly, it is possible to determine the connected 
three point correlation functions 



A?fn^i 






(46) 



A^[J'] = A^A^/ 



jSp 



SqiSqmSq,. 



AZ + 



71 k 



Sq-mSqi 



The determination of the proper functions within the 
canonical formalism as a functional of those appearing in 
the standard Lagrange framework is rather cumbersome. 
This task involves connected tensors of rank larger than 
two and depends on the possibility to invert the prop- 
agator D. Once the individual elements of this prop- 
agator are computed, the proper two-point function is 
completely determined in terms of the elements of the 
Lagrange formalism. In case the external sources asso- 
ciated to the p— fields vanish, the inverse of —A'' is the 
proper Green's function that arises in the standard path 
integral representation. 

By direct inversion of the 2x2 block matrix one obtains 



yPP 

ij 



p99 A9PpPP 

il Im mj 



pPP A P9 p99 

il Im mj 



-nqq 

ij 



H 



where 



and 



r^p = — (/spp 4- A'^'^r'^'^A'^'')""'" 



p99 

ij 



H 



_ r99 



r^fA?rr?LA£Lr*' 



Ik kti 



nj- 



(50) 



(51) 



(52) 



According to Eq. (|50|) there are several equivalent rep- 
resentations of the latter expression, e.g. 

r^^ = (5_ + nfAf^)r^V (53) 

However, in what follows we will consider the most simple 
form given by 

Tf^"^Tt^ + Tf{rZ)-'^,. (54) 

where we have introduced a unity in the form I = 
{V'P'P)'' T'P'P in Eq. ((52|) . and furthermore the expressions 
for the off-diagonal elements of Eq. ([50|) have been used. 
The method to obtain G can be generalized to any 
proper tti— point function. For instance, let us suppose 
that we want to compute the proper three-point function. 
We denote it as G3 and the correspondingly connected 
version as fS)^'^\ By considering the action of the sym- 
bolic functional derivative 5/5J on Eq. p6)) we get the 
equation ID(3)(G + DBGa = 0. By inversion of ID in the 
second term we obtain the desired form for the proper 
3-point Green's function G3 = — GGD^^^G. Proceeding 
in an analogous way it is possible to express the proper 
four-point Green's function G4, and so on. Thereby, the 
number of variables within the first order formalism can 
be reduced. From that point of view, the initially cum- 
bersome problem becomes simpler. 



D. Connecting the Symmetry-Related identities 

Let us now return to the symmetry identity. To this 
end we write Eq. P^ in the following form 







V[q]l^Jl6qm 


'h S 


2?[p] exp 


>^'\ 





J^Sp„ 



h 6 
Ijjp 



,9 



(55) 



In order to simplify the following analysis let us consider 
theories where the transformations are linear in the mo- 
mentum fields. Under this condition and restricting to 
the class of Haniiltonians analyzed so far we obtain 







V[q] Jl5q„ 



+ J^SPr, 



JP 



JP 

Sq-' 



Sq 



iQ 



exp 



^S[q,J] 



•(56) 



In particular, if J-^ = we find that the action Sq is 
invariant under a symmetry transformation Sq^ which is 
a functional of q only, i.e. a symmetry transformation 

The structure of Eq. ([55)1 allows to write the symmetry 
identities in a similar form to Eq. (PO)) and Eq. (|2ip . 



= I d^x 
ST" 



ST 



H 



Spr 



-5p„ 



Sqr, 



6q„ 



ss 

Tq 
5So 5T 



H 



5T 



5p 



(57) 



H 



Sq Sp 



■,1 



0^0[J] + |A*</>[J]^ 



This concludes the formal discussion of the functional 
symmetry identities. A complete derivation, especially 
for constrained systems as Coulomb gauge Yang-Mills 
theories, is presented below in Sect. I Villi 



IV. DECOMPOSITION OF PROPER 
LAGRANGE CORRELATION FUNCTIONS 

In this section we will show how a general proper cor- 
relation function in the Lagrange formalism can be de- 
composed into correlation functions in the Hamilton ap- 
proach. 



A. Relations between the bare elements 

So far we have presented the formalism for a general 
field theory. In the present and forthcoming sections 
we will restrict ourselves to the most important class 
of renormalizable field theories. In four dimensions the 
most general renormalizable "canonical action" for a pure 
bosonic theory can be expressed as a functional Taylor 
expansion. 



1 



1 



Io[q,p] = iZPtQj + T^lZP^Pj + o^ZlP^l^lk 



2 Oijk 






2 °'J 



Here /gj^ — d^Sij is such that 



(58) 



(59) 



Clearly, the coefficients I^f are field independent. They 
are given by the functional derivatives of Iq evaluated at 
= 0, namely 



6 5 



^Oy.. 



■lo 



6=0 



We remark that /^''j, as well I^^^l^i are dimensionless ten- 
sor couplings whereas /q? and Iq^X have mass dimension 
2 and 1 , respectively, and do not involve time derivatives 
of the fields. Nevertheless, depending on the assumed 
theory the latter two might depend on V'^ and V. We 
are considering bosonic theories, so that all coefficients 
are symmetric. In particular, the first term in Eq. ^ can 
be written as I^liPjqi where /q?j = —d^Sij which leads 
to the functional relation dr 5ji = —dnStj. 

We can identify the coefficients present in the Hamil- 
tonian density Eq. ([24l) as 



1 



•^ij — ^Oij — "ijj ^i — 2 Oijkljik 



(60) 



and 



^^oljl^lj - ^/o!ik1i1j1k - J^l™kimjqkqi- (61) 



Substituting Eqs. ^Q and (|6T]) in Eq. ([271) and collecting 
the terms of the same order in q we get that the action 
Sq can be written as a polynomial functional, 



<So — -SoijQiqj 



-z^SoijkqiQjqk + -TfSoijkiqiqjqkQi- (62) 



In this context the following relations between the bare 
coefficients arise 



>0y7c 



Soij = 



S'So 



S^So 



SqiSqj 



9=0 



rqp Tpq 



Til 



(63) 



Sq^6qj6qk 



9=0 



rqqp jpq 
^Oikn^Onj 



qk 



(/jpermut. 
jqqq 

-'OJjfc' 



g^permut. + 7^!^,'^^., (64) 



B. Diagrammatic representation 

The relations between the correlation functions in both 
formulations will be given in the following via explicit 
diagrammatic expressions. To enable this, we will first 
introduce a graphical representation in terms of the fun- 
damental objects that characterize the theory in both 
formulations. 

I) As before we consider fields that involve all the ir- 
reducible representations in the theory. The funda- 
mental fields are represented by solid lines whereas 
the corresponding momentum fields are denoted by 
zigzag lines. 



fields 



>Oijkl 



S^So 



SqiSq-jSqkSqi 



q=0 



jqqp jpqq 
^Oikn-^Onjl 



Qt 



giperm. 



qk 



g;pcrmut. + /,''''' 



Qijkf 

(65) 



Substituting the above equations in Eq. (|62p and con- 
sidering the relation given by Eq. ([55)1 allows to find 
additional relations. In fact, taking the second, third 
and fourth functional derivatives of Sq and evaluating at 
q — 0, respectively, we obtain 



II) Dressed propagators are denoted by thick, whereas 
bare propagators and external lines by thin lines, 
respectively. Off-diagonal propagator components 
are represented by a thick, half solid and half zigzag 
line. 



dressed 



bare, external 



To keep the representation of the DSEs in the first 
order formalism concise we also include the matrix 
propagator Eq. (fTO]) represented by a double line. 



^qq ^ S Sq 



(,qq _ S Sq 

°'' ~ SqjSq, 



9=0 



jqp 



drJ. 



31 



<j=0 



= ^=-a.,<5 



]%, 



(66) 



(67) 



III) All proper correlation functions (including proper 
2-point functions) in the first and second order for- 
malism are denoted by small and large filled blobs. 



cqqq ^ '^^'^0 



9=0 



jqqp 

^Oijk^ 



3^Sn 



6q^Sq.j6qk 



9=0 



= I^!h and 



rso 



SqiSqjSqkSqi 



9=0 



(68) 



_ rqqqq 

^ ^Oijkl- 



(69) 

In the last two relations we have introduced S denoting 
a partial functional differentiation acting just on those 
terms in the action that do not involve the time derivative 
of the field. 

To complete our analysis we point out that from Eq. 
(|A9[) the general form of the quantum canonical momen- 
tum fields in four-dimensional renormalizable theories is 
given by 



Pi 






2'^Okjil3lk- 



(70) 



As these polynomial representations allow to identify 
a priori the bare elements, the expansions given above 
prove to be very convenient to derive the DSEs for a 
general bosonic theory in both formulations. 



proper, Lagrange 



proper, Hamilton 



whereas bare vertex functions are represented by 
open blobs. 



o 

bare. Lagrange 



bare, Hamilton 



IV) In our analysis it will become useful to introduce 
the inverse proper momentum 2-point function 

which will be represented by a thick dotted line. 
Since it has the form of an alternative momentum 
propagator it can connect as an internal momen- 
tum line to proper vertices. Similarly all connected 
correlators which are one-particle- irreducible (IPI) 
in the fields but merely connected via the "propa- 
gator" VPP are called p- connected and are denoted 
by a blob labeled by a P. 



p — connected 



X)PP 



C. Diagrammatic decomposition 



To express proper functions in the Lagrange formal- 
ism in terms of those of the Hamihon formahsm, we ex- 
ploit the underlying equivalence between the first and 
second order formalism. Due to the equivalence of the 
Generating Functionals of connected Green's functions 
at vanishing sources J^, the Effective Actions in the two 
formalisms are identical when p is a functional of q which 
in turn is implicitly given by the stationarity in p, 



T[q]=T [p{q),q] whenever 



ST 



H 



Sp 



= -JP = 0. (72) 



Here T still depends explicitly on q and p, where the 
quantum average of the momentum fields is in general 
a complicated functional of the fundamental field. Any 
proper n-point function in the standard formalism can 
be determined by taking n derivatives with respect to 
the fields in Eq. ([7^ and evaluated at the vacuum ex- 
pectation value. In particular applying the chain rule 
and Eq. ([72|) the first derivative reads 



5r_ 

5qi 



5T 



H 



ST" Sp. ST 



H 



Sqi Spj Sqi 



Sqi 



(73) 



In the above defined graphical representation this equa- 
tion reads 



As usual in the standard formalism, a differentiation with 
respect to a field is equivalent to attaching an external leg 
in the graphical representation (c/., e.g., ref. [23] )■ Next 
we consider the second derivative of the action given by 



S^T Sp,, S^T" S^T 



H 



SqiSqj Sqi Sp^Sq, SqtSqj 



(74) 



The field derivative of the momentum field can alterna- 
tively to the previous result (|49| also be obtained from a 
field derivative of the constraint equation in Eq. ([7^ . 



2t^H 



S^T 



SPn S'T 



2rH 



Spn 

Sqi 



SqiSpj Sqi SpnSpj 

2-rH / x2tH n -1 



S^T' 



Sq^Spj \Spn5p 



S^T' 



(75) 



Inserting this in Eq. (|74p it is expressed entirely in terms 
of proper first order Green's functions and takes the sym- 
metric form 



S^T S^T" S^T" f (52r^ 



Sq^Sqj SqiSqj SqiSpj \SpnSpj J SpnSq 



2-rH 



S^T 



(76) 



in accordance with Eq. (I54|) . The above equation yields 
the graphical representation of the decomposition of the 
proper two-point Green's function 



Interestingly, in terms of the first order correlation func- 
tions there is in addition to the proper part also a con- 
nected contribution due to the fact that the fundamen- 
tal field mixes with the corresponding momentum field. 
This is evident from the off-diagonal elements Eq. ([44]) 
in the propagator matrix in the first order formalism. 
Due to the mixing the arising propagator in Eq. (|75p is 
not the elementary p-propagator but the propagator for 
a collective mode described by the inverse of the proper 
two-point momentum correlation function V^p which is 
represented by the dotted line and related to the actual 
momentum propagator via Eq. (|5T|) . 

The result for the fundamental field derivative of a 
proper correlation function in the Hamilton formalism 
yields the replacement rule 

• -^ m -|- •■■—■• 



In the next step a field derivative can also act on the prop- 
agator VPP . Its derivative is obtained from the derivative 
of the inverse of an operator as 



(77) 



<5Pff 


S /^^pffx-i 




Sqk 


Sqk \SpiSpj) 






f S^T" y' S'^T" 


( S-^T" 




\ Spi Spm ) Sprn Spn Sqk 


\SpnSpj 




— 'D^PvPP'i T)PP 
im rank nj 





which yields the graphical replacement rule 



i 



-h 



Applying these two replacement rules in all possible ways 
on the right hand side of the above equation for the two- 
point vertex provides immediately the corresponding de- 
composition of the proper 3-point vertex 




This yields directly a symmetric result, whereas the com- 
putation without the replacement Eq. (|75p in each step 
would produce an asymmetric result involving higher 
derivatives of p. 

To derive the decomposition of higher order Lagrange 
correlation functions it is useful to note that both of the 
above replacement rules involve the external legs in the 
form of the composite expression 



+ 



10 



allows us to represent them in terms of those appearing 
in the Lagrange formalism. 



D. Inclusion of Grassmannian fields 



I 



FIG. 1: The replacement rules that create the general de- 
composition of a proper correlation function in the Lagrange 
formalism in terms of Hamilton correlation functions. 



denoted by a dashed line. By introducing the composite 
external leg into the graphical representation, the decom- 
position of the 3-point function is given by a single graph 
with three of these new external legs. Via the previous 
rules it is easy to obtain a corresponding replacement rule 
for the composite external leg. Thereby the extension of 
a general n-point function by an additional leg can be ob- 
tained from the simplified set of rules in Fig. [TJ Starting 
from the 3-point function these rules allow to derive the 
decomposition of arbitrary proper n-point functions in 
the Lagrange formalism. In the appendix we show that 
the graphs generated by these replacement rules have a 
very simple structure that can be summarized by the fol- 
lowing general statement: 

A proper n-point function in the Lagrange formalism 
can be decomposed into the sum of all p- connected n-point 
functions with composite external legs in the Hamilton 
framework. 

This is shown in graphical form in Fig. [21 

The graphical representation manifestly shows that the 
propagation, decay and dispersion of particles are more 
complicated when analyzed in the Hamilton framework. 
At the tree level the arising propagators V'^p are constant 
and correspondingly the dotted internal lines between the 
proper vertices represent merely contact terms. Similarly 
the external leg corrections involve no additional poles 
at tree level and the explicit energy dependence arising 
from the mixed correlator in Eq. ([TS]) just cancels the 
one from the momentum field derivative of the initial 
vertex. In the fully dressed action, however, there could 
arise additional poles due to the actual propagation of 
the momentum fields via higher order kinetic terms, as 
well as an explicit energy dependence of the terms that 
cancels only after summing over all contributions. 

Via graphical rules, one can therefore generate in a 
systematical way the connection between any proper 
Green's function in the standard second-order formalism 
to the appropriate correlation functions in the first-order 
formalism. We point out already here that the inverse 
relations for Green's functions in the latter context are 
more complicated and can involve loops related to con- 
nected correlation functions with both mixed and pure 
momentum fields. The method used in the last section 



As already mentioned we will consider for completeness 
also quantum field theories involving Grassmannian fields 
Ci and Cj fulfilling the anti-commutation rules 






= 0. 



(78) 
(79) 



The Grassmannian action for a renormalizable theory in 
four dimensions has the general form 



Iq = iKijCJCj + i\ijkqic!jCk + iai 



c Cw 



(80) 



The quantum canonical momentum fields associated to 
the Ci are given by pi — j— ^ = intjC^, where the suffix R 
denotes differentiation from the right. It is clear that the 
usual path integral representation for Grassmannian field 
is already of first-order form since the momentum fields 
are treated as independent variables. Purely fermionic 
correlation functions are therefore trivially identical in 
the two formulations. 

Let us now study mixed correlation functions involving 
bosonic fields represented by the Qi in Eq. ([50)) when the 
bosonic path integral is written in the canonical form as 
well. Generally the tensors Kij, aij and Xijk are real and 
field independent. The kinetic tensor reads in particular 

6ij with c, c^ e Fcrmions 

Sijado with c, c'l' e Fadeev — Popov Ghosts 

where cr G M. Since it is a bosonic variable, p is a func- 
tional of fermionic bilinears Ci^TijCj and the field q. As 
a consequence the second term in Eq. ([71)1 vanishes iden- 
tically, which confirms the equality of the propagators in 
both formulations 



5ci6cj 



2-rH 



6^r 



SciSc 



(81) 



Analogous to the bosonic case the three-point vertex can 
be decomposed as 



6-'r 



Spn S^T 



3-rH 



3t^H 



S'T 



SqiScjSci oqi SpnScjScl SqiScjScl 



(82) 



Although the propagators are the same in both formula- 
tions the vertices can be different. The above chain rule 
again results in the appearance of composite legs for all 
bosons in the graphical representation. The decomposi- 
tion of a general n-point correlation function is then again 
given by all p-connected graphs where only the bosonic 
propagators V^p are involved and only bosonic external 
legs are composite. 
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FIG. 2: The general result for the decomposition of a proper correlation function in the Lagrange framework in terms of 
correlators in the Hamilton formulation. 



V. DECOMPOSITION OF CONNECTED 
HAMILTON CORRELATION FUNCTIONS 



So far we gave in subsection IIII Bl general expressions 
for correlation functions in the Hamilton formalism. The 
goal in this section is to evaluate the general decompo- 
sition of the two-point functions in the Hamilton frame- 
work in case of a generic four-dimensional renormalizable 
quantum field theory in terms of Lagrange correlation 
functions. To do this, we start by computing the ele- 
ments of A,^f . 
'■J 

A. The mixed connected 2-point function 

By considering Eq. (j45| and Eq. ([70|) the mixed con- 
nected two-point function in the first order formalism can 
be written as (from now on we skip the explicit factor h) 



A«P 



A?f 



<^'?'j _ 1 C99'J All 



(83) 



Using partial differentiation for the identity A.^^'F^'^ — 



-5ij we obtain 



\i ^ ij 



— A^i 

Sqi "'= 



Aqq -p999 A ?9 



and therefore in configuration space 

i 



A«^ 



^ 



jqp 



_ TlQP Aqq p999 A 99 
n Oukj um'- mln nk 



(84) 



(85) 



where Eq. (|66p and Eq. ([68|) have been used. According 
to the diagrammatic representation the above function 
has the decomposition given in Fig. [31 



Our convention for the Fourier transform of a general 
two-point function (connected or proper) obeying trans- 
lational invariance is 



A $<& -- A <i><i' 



{Xi 



cffcA**(fc)e-*'=(^'-^^\ 



(87) 



with k{xi — Xj) = k(){xoi — xqj) — k ■ [xi — Xj) and dk = 
d'^k/{2TT)'^. As a consequence of this convention and the 
equivalence A?'' = A^f we obtain the relation 

AfJ(fc) = A^^,n-fc) (88) 

where i and j represent the remaining internal indices. 
This yields the corresponding equation in momentum 
space 



A?;(fc) = A^^{k)^^k,S^,^-JdcJIZl,ik~CJ,cJ,-k) 

X AlU^ - fc)r^7„(a; - fc, k, ~u;)AZi^)) . 

(89) 

In the derivation of the latter equation we have taken into 
account the Fourier transformation of the proper 3-point 
function 



F 






— dka dkp dkj {2tt) 6^ '(ka+kp + k^) 



^ -I- Q/37 ("-Q: "-/S? "^7)6 



-ikaXa—ikf^Xfij—ikyX 



(90) 



where the 5— function expresses the momentum conser- 
vation. 



B. The momentum propagator 




The pure pp— correlator can be computed using Eqs. 
([33]) and ([70]) . Neglecting those terms that will eventually 
vanish when the sources are set to zero, it reads 



FIG. 3: The decomposition of the mixed Hamilton propagator 
in terms of Lagrange correlation functions. 

Via the bosonic symmetry of the propagator it is easy 
to see that 



^I=[IZ 



jqqp Aqq -pqqq Aqq \ a 

^Ouki'-^um^ mnl'-^nk ' " 



^Ij- 



(86) 



Clearly, Eq. ^ and Eq. ^ fulfill the condition Aff = 



AP«. 

3^ 



APP - () 



cqq qqq Aqq ___cqqcqqq Aqq " Aqq 

'-'Oli^Omj'-^hn n OW^Qnmj^lu g- ^nm 



i ■ ■ S 
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A'-^Qkli'-'Onmj'-^ku r- 
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(91) 



By iterated application of Eq. ([M]) and considering Eqs. 
([55)) and ([55)1 this expression yields 
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FIG. 4: The decomposition of the momentum propagator in terms of Lagrange correlation functions. 






i 1 

n^Oikl km, In Qmnj A^Oikl ku Ix '-^ny'- yxuz'-^zm^Onmj 



t fPn All All All pqqq Aqqyqqq /\qq jqqp 

c\ Qikl ku Ix np^ puq^-^qy^ yxz'-^zm^Onmj 



<TPq\qq j-qp 

1 



1 TPq A 99 T^qqq \qq Aqq jqqP _ l_ jPqq /\.qq A^qq-nqqq A <3<3 rtP 

2 Oil'-^lm'^ xmy'-^xn'-^yu-^Onuj n "*'=''=" 'a: xuy'-^ym-^Omj 



rpqq /\qq Aqqrqqq Aqq Aqqy-qqq /\qq jqqp 

^^Oikl'-^ku'^lx^ xuy'-^ym'-^nf^ fmz'^zh^Onhk ' 

Here we have already suppressed disconnected expressions involving tadpoles that cancel since Eq. pip gives 

q,p=0 



Spi 



rqqp Aqq _ n 
Omni rnn ^ " 



(92) 



(93) 



The graphical representation of the decomposition of the niomentum propagator in the Hamilton framework is shown 
in Fig. [H Note that the loop graphs in the first line represent precisely the vacuum graphs of the n-particle irreducible 
(nPI) actions in the Lagrange formalism of order one and two with attached external p-legs. In addition to these 
proper contributions this result involves again connected graphs in the second line. These graphs correspond to the 
second and third line in Eq. (|92p which can alternatively be expressed by the known mixed correlation functions 
derived in the last subsection as — A^jj^F^j^jA^^ and correspondingly represented as a single graph. 
After Fourier transformation of Eq. ([^^ we find the representation of A^^ in momentum space 



Af^fc) = 5,, - AZ{k)rZ{k)A^,^{k) ~-J au^IlZik.^- k, -u;)lZm,{u^, k - c, ~k)All{c. - k)AZ{u) 

- \ Jdu£f,lZ'i{k, M - k, -m)/oT™,(-^,^ + k, ~k)All{f, - k)Ar,{-f^)All{-cu)TllZ{L., f,,k-f,,-u;- k) 

X Alli^LO -k)-\ JdLaif,P^^^i{k,u;~ k, -oj)lZmM + ^^ -^' -k)^Vui^ - knuqi^f" - ^i,k - io,uj + f,) 
X A^J-cJ)Alli^, + k)Alliu; + M)r^S(-^ - M, ^, m)A??„(m). 

I 



(94) 



The summation over all field components indicated by 
the subindices in Eq. ([89]) (see also Eq. (|92|) ) leads to 
multiple possibilities. Yet many of these might not be 
allowed due to the symmetries of the theory. The de- 
composition of higher order functions involving one or 
two external momentum fields is simply obtained by fur- 
ther derivatives of these generating equations. Via the 
chain rule a derivative w.r.t. to the source can be trans- 
formed into a derivative with respect to the averaged 
fields yielding in addition external propagators. Corre- 
spondingly the graphical decomposition of such correla- 
tion functions can be obtained recursively via the graph- 
ical replacement rules in the Lagrange framework given 
in [23] ■ On the other hand, from Eq. (|40l) it is clear that 



higher order correlation functions involving n momentum 
fields involve graphs of loop order n. Therefore it is not 
possible to give a close result for all n-point functions. 

To conclude this section we remark that the multipli- 
cation of F'''' on the left hand side amputates the Green's 
function A'^''. According to Eq. p9)) . this operation al- 
lows to derive 
Spi 



^qqq \qq 



imp i^qq r'^' A\. 

~ Quki um-^ mjn^-^nk 



(95) 



jqp 

5g, " °-'"' 2" 

Considering this expression and the diagrammatic rules 
in the standard path integral representation we get 

5pi 



Sq.Sqk 
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^Ojki 



jqqp \qq yqqq Aqqrqqq Aqq 1 „• <. i, 

^Omui'-^mn^ nkx'-^xv'- yH'^tu ^ J ^^ 1^ 



13 



_ _TPm \qq yqqqq \qq 

n Oimu mn^ njkl lu^ 

which can be represented graphically as 



(96) 




j>- -k y^- -h yO^ 



For a field theory without a three-point interaction ver- 
tex involving the time derivative of the fields, one has 
TPP = -I, and Eq. ^ reduces to 



-I -ikol 



(100) 



We note in passing, that similar to the composite collec- 
tive propagator and composite leg in the last section this 
"vertex" allows to write the graphs in the first line by 
a single loop graph. Yet, here this is then surely no ex- 
plicit decomposition in terms of second order correlation 
functions anymore. 



VI. DECOMPOSITION OF PROPER 
HAMILTON CORRELATION FUNCTIONS 

While in the context of the canonical formulation it is 
entirely possible to deduce the complete set of DSEs di- 
rectly from Eqs. (I36II38|) we will follow a slightly less obvi- 
ous path here. We proceed to give the diagrammatic and 
analytic expressions for the proper propagators, typically 
the ones of the first order formalism. Subsequently, we 
will show that such representations can be encoded into 
the usual ones, i.e. Eqs. (|36ll38p . which then completes 
the proof of equivalence between both types of deriva- 
tions. 



A. The inverse propagators 

The result given by Eq. ([50]) allows to analyze the 
structure of the inverse propagator. By considering the 
Fourier transformation of this equation we find that 

rf/(fc) = - (APP(fc) -f AP«(fc)r99(fc)A«P(fc)),7.i (97) 

r^'(fc) -rj(fc)Af^(fc)r^„'^.(fc) (98) 



r.^''(fc) = r?'(fc)- 



-Tlf{k)^1imZn{kW^n{k)n]{k). 



(99) 



The presence of the second term in Eq. ((97)1 leads to the 
cancelation of the corresponding term in Eq. ([5^ . The 
complete analytic result when inserting the correspond- 
ing expressions is rather lengthy and therefore deferred 
to appendix [Cl It involves the inverse of sums of differ- 
ent terms. Graphically these expressions are represented 
in Fig. [5] For a clearer presentation the subsequent cor- 
relation functions are represented in terms of the pre- 
vious ones. Whereas the actual momentum propagator 
can only be given as an inverse and thereby by an infi- 
nite number of graphs, the "alternative propagator" 2?^^, 
that featured prominently in the decomposition of La- 
grange correlation functions, is given by a finite number 
of graphs in terms of second order functions and differs 
from the ordinary one by the absence of the connected 
pieces in Fig. El 



This simplified expression holds for theories like QED 
and/or self- interacting (/>*— theory, where the vacuum ex- 
pectation value of the momentum field is completely de- 
termined in terms of g, pi — q^. 

Actually, the expressions for Fpp, F'p and FP? in Eq. 
(jlOOP encode a more general result because they could 
be obtained using Eq. ([5^ and Eq. ([57)1 without set- 
ting variables to zero. As a consequence they show that 
dressed proper functions involving more than two exter- 
nal momentum legs are not present in such theories. This 
means that the mass and the coupling constant receive 
no contribution coming from the higher order corrections 
besides the usual ones given in the standard framework. 
On the other hand the absence of quantum corrections to 
yvv ^ YIP ^ and F^' means that only wave- function renor- 
malization contributes to these kinetic terms. 

As in the present framework the quantum corrections 
to the propagators and vertices depend in general on tem- 
poral derivatives this shows that within the standard for- 
malism there are several pieces in the Effective Action 
that depend on the time derivative of the averaged field. 
As a consequence, the canonical momentum fields defined 
on the level of the Effective Action differ from those given 
by the quantum average of p since the involved limiting 
processes do not commute. 



B. Recovering the first order DSEs 

Although the decomposition of proper Hamilton func- 
tions given above involves inversions that cannot be omit- 
ted in terms of second order correlation functions it is 
possible to transform these equations into a form where 
such matrix inversions are eliminated. This is done by 
explicitly introducing first order correlation functions on 
the right hand side again. As we will show in this sub- 
section, this leads precisely to the first order DSEs. We 
start from Eq. ((96)l and use it to express F^^ as 



yPP 

ij 



Si 



^jpqq ^gg /^?9. Pi 



Oikl km In 



Sqn6q„ 



(101) 



The multiplication of — T^p ^ from the left hand side 
allows to write the above equation as 



c _ ^Tpqq I \qqp _ \qq /^qqyqqq \qp\ 
"is 2 0ikl\'^kls '^km'-^ln'' umn'^us) 



yPP 
sj 



where Eq. ((17)1 has been taken into account. The intro- 
duction of a I as — A^'F"^"^ in the last term in the bracket 
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FIG. 5: Decomposition of the proper 2-point functions in the first order formalism in terms of the usual correlation functions 
of the standard path integral representation. 



and the use of Eq. (|47)) makes it possible to express the 
above relation in the following form 

r^ = -^v + '^iZ'i {A^ET?^ + KTs^^} , (102) 



which yields the result 



which can be translated to 

i 



ij 



Jij 



ll'kAlt^tfm^tl- (103) 

*! \J LfxjL t\f I L I bj lit I ILL ^ ' 



This presents the DSE for the proper momentum 2-point 
correlation function. 

It is possible to obtain a similar equation for the 
pg— propagator: 



ij 






X I /P9 _ IjPii A99 r'?'''' A''"' 1 ('1041 



The multiplication of — T^p from the right hand side 
allows to rewrite Eq. (|104[) as 






Tpg 

i 



_TPqq \qq -p9<7<7 A 99 
cf Qiuk um^ mnj nk 



(105) 



Tpqq \qq /\qq "^' ppg 
■ 2'o™*^-'^™'^"'=<5g,„,5q„ '■'"■ 

This can be rewritten in the following form 
ypq _ jpq _ '!_Tpqq ! Aqq rqqq a 99 

ij Oij cf Qiuk \ ummnj nk 

+AZAllrTuAl^^'.l - KZ^!^} ■ (loe) 

The introduction of a I as — A99r99 in the first and second 
term inside the brackets allows to write this as 

-ppq _ jpq 1 ^Tpqq { /\qqq f-nqqi-pii \qp rP9^ 

^ ij — ^Oij ' 20™'= I'^ukl y'^ Ij """^ Im'-^mn'^ nj J 

+Kfi^!^}- (107) 

By considering Eq. ([5^ we get 



pP9 
ij 



ill + l^Zk {^'Z ^1]"+ ^TriiYm 



ij Oij n Oikl kn njm r, 



(109) 



We remark that the last terms of Eqs. (|103p and (|109|) 
include several combinations of fundamental and momen- 
tum fields. The relations given by Eq. (|103p and Eq. 
(|109p are the DSEs of the proper pp- and pg-propagators 
expressed in terms of the usual elements of the canonical 
formulation. 

It is straightforward to prove that Eq. (|103p coincides 
with the corresponding equation derived using Eq. ([55]) 
and Eq. ^. This is different for Eq. p09)) . In fact, as 
discussed previously, we could in principle calculate these 
propagators from Eq. (j38p . nevertheless by considering 
the action Eq. (|62p and the relations between the bare 
elements we find that the structure is more cumbersome 
than that given in Eq. (|109p . Instead, the latter one is in 
correspondence with Eq. (j37p via the symmetry relation 
rfj — rjf in case both q and p are bosonic fields. 

The fact that we recover the standard first order prop- 
agator DSEs from the decomposition of proper Hamil- 
ton correlation functions has its origin in the equivalence 
between the canonical and Lagrange equations of mo- 
tion at the quantum level. In appendix [D] it is shown 
that whenever they describe the same dynamical pro- 
cesses, the DSEs derived from them will be equivalent 
too. However, as we argued in the last subsection, the 
classical canonical momentum fields defined from the Ef- 
fective Action and those given by the quantum average 
of p are not the same. This means that the equations 
expressed in term of p and q do not correspond to the 
classical canonical ones. 

Based on this statement, the derivation of F?' is con- 



siderably simpler using Eq. (|39p than via the procedure 
performed in the last two cases. Indeed, by considering 
Eqs. (|70p and ([5^ as well as the relations between the 
bare elements, we arrive at 



(5r 



H 



Sqi 



T'^^n, -I- /'''P am -^ P'' a- ^ 



1 






^ tQQQQ 

J^Ioijmikqi 



q^q+^Al*-^ 



(110) 
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FIG. 6: Diagrammatical representation of the coupled system of DSEs within the first order formalism. The double lines 
represent the matrix propagator so that all possible graphs involving the individual propagators arise which are compatible 
with the symmetries and the restriction that the pgg-vertex is the only bare vertex involving momentum lines. In this form the 
formal equivalence to the second order equation is entirely manifest. 



iH 



Now, in order to give the explicit form of F^ , we setting the vacuum expectation values of the fundamental 



rewrite Eq. (|110p as 
<5F^ 



SQi 



I 

\jqqqq \q<t> \ ]] /\<i't> \ ]]Y'i"i"i> ]„ f^lA'^'Jf/ 1 
qqqqp:,\qq\ 



_mqqg.g.g, _ ijqqp ASPf/i _ ijqqq A'^f/l 



fields to zero we get 



pH _ rqq _ '!_ rqqqq \qq _ A yqqp Aq'P-r^q4> Atjip 
_ ^jqqq Aq<pY<pq<l> ^.H _ _Tqqqq \q<t>Y4'<, 

n Ojlm lu uin '-^nm n^jlmnlh hfk'-^fy'-^m.u 

j.<Pq4,^<Pq _ljqqqq ^q^'^q^'rf'Pq^^fq^ (112) 

'- my ^^kn c jlmn Ihmf hfzk kn \-^-^^J 



_ ^jqqqq^.Aqqij] 



(111) 



The Fourier transformation of Eqs. (|103p . (|109p and 
(|112p yields finally the corresponding DSEs in momen- 
Taking the functional derivative with respect to q and turn space 



rf/(fc) = -5,, - '- Jdu^lZ'iik, 0. - fc, -^)At{k - u^)rtf^{k - c, -fc, co)At'!^{-u^) (113) 



rg(fc) = -^koS,, - / dcolZ'iik, u;-k, -co)Alt{k c.)F^^f„(fc - c, -fc, -u;)AZ{-u;) 



(114) 



p?9 



" (fc) ^ I^l^ (fc) - 1 jau^Ill^^^ {k, -k, -u, u)Af^{u) - ^ Jdu^lZl {k, u^-k, -u)At{k - c.)rtt (^ - ^. - 
■ ' ^ ■' -k,-u:)At{k-u:)Tt]t{k-u,-k,u:)At,{-u) 



-k,uj) 



,^ 



X A±{-u.)-'-jd^lZ^{k,, 

. - k, ^i)At{u: + ^i)Tt%{u: + M, -c, -^,)A^/y{u:)A±{k - u;) 



X rtfyik - u^, -k,u^)AtM - \ ja^i.iz^:i^{k,u- k - M 



X Vif^{k-uj,-l 



-/i,-^,M)A^,*(fc + /i-c.)A^f/c.) 



(115) 



r 



We show the graphical representation of the complete set the action as a consequence of the implied summation 
of DSEs in Fig. [6] where for conciseness we use the matrix over repeated indices, 
propagator which yields all possible loop graphs involving 
physical vertices in accordance with the symmetries of 
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VII. THEORIES WITH AUXILIARY FIELDS 

Before we come to the main application of the devel- 
oped formalism in the context of Coulomb gauge QCD, 
we will show in this section that the above derived re- 
sults also apply to theories involving auxiliary fields, i.e. 
the typical treatment of such theories represent a special 
case of the discussion presented here. However, it is not 
the kinetic but the interaction terms which are linearized. 
In the case of fermionic theories this is also referred to 
as bosonization [28| . The action is by construction only 
quadratic in the auxiliary fields and lacks kinetic terms 
for them. Therefore, as we detail below the above de- 
scribed analysis directly applies and gives general rela- 
tions between correlation functions in the fundamental 
theory and the linearized form involving auxiliary fields. 

We will illustrate this in the case of fermionic theories 
with non-renormalizable, quartic interactions. Examples 
for this class of theories are the Nambu— Jona-Lasinio 
model [231 or the BCS theory of superconductivity [30l |. 
The functional integral is given by 

Dip'^Dipexp i - / d^x (£^ + J^(a;)VJ(a:)-|-J^(x)-0(a;)) 

(116) 
with the Lagrangian containing local quartic interactions 

C^ = i:{x) {i^ - m^) ^j{x) -^9% {'4'{x)T^ip{x)) . 

(117) 
Here the Vi are Dirac matrices. The linearization of the 
fermionic interaction can be performed by formally in- 
troducing a one of the form 

I = W^JD-q^Daieyi^ ii Ict^xaii^x) {r]t{x)-il){x)riip{x)) 

. . (^^^) 

into the fermionic path integral, where this path integral 

over (Ti enforces a functional (5-function that allows to 

rewrite the non-linear fermionic interaction in terms of 

rji. Integrating then over the rji yields the path integral 

of the corresponding linear sigma model 



DiP^Dil^Daeyip ( ^ / d'^x{Ca 



(119) 



+J^ix)i^ix) + J^ix)4>ix) + r,{x)a^ix))) 

where we have introduced additional sources for the aux- 
iliary fields ffi. After this bosonization procedure the 
Lagrangian of the corresponding " linear cr- model" reads 

2 

— / \ jn 

C^ ^ ij{x)i^i^-m^,+g:^T,a,{x)j^{x) + ^a,{xf (120) 

where g^ = g^/(2m^). Here, there is, in contrast to the 
first order formalism, by construction no mixing between 
the fundamental and the auxiliary fields. 

Analogous to Eq. (|72p the Effective Actions of the two 
theories are again identical at vanishing sources J^ = 



where the auxiliary fields are implicitly given by 

- j; = 0. (122) 






Via the chain rule of functional differentiation we obtain 
analogous expressions for Eqs. ([73)) - ((77)l withpi replaced 
by CTi, respectively. Correspondingly, the same graphical 
rules apply. With the simplification that there can be 
no mixing due to the different statistics of the fields, the 
external legs are not composite and the arising inverse 2- 
point function is the ordinary cr-propagator. Denoting as 
before connected correlation functions that are IPI with 
respect to the fundamental fields and connected in the 
auxiliary fields as a-connected, this leads to the analogous 
general result: 

A proper n-point function in the fundamental theory 
can be decomposed into the sum of all a -connected n-point 
functions in the linearized theory. 

In particular the decomposition of the proper 4-fermion 
vertex in the fundamental theory Eq. pi7p reads 




where we represent in an analogous way the proper ver- 
tices in the fundamental and linearized theory by large 
and small blobs and the ordinary cr-propagator by the 
dotted line. This result confirms a well-known fact, 
namely, that no double-counting occurs in the linearized 
theory although the original fermion field and the auxil- 
iary bosonic field are employed both. This redundancy 
in the description can also be prevented from the out- 
set by partial re-bosonization [3l| in the context of the 
functional renormalization group. In this approach the 
contribution of the fundamental degrees of freedeom is 
entirely absorbed into the bosonized interactions even at 
the level of the effective action. 

Since the Lagrangian of the linearized theory is at most 
quadratic and lacks kinetic terms for the cr-fields by con- 
struction, these fields can be trivially integrated out re- 
taining their sources at this point. This leads to an anal- 
ogous expression to Eq. (|^0)) for the correlation function 
of n auxiliary fields {oi^ {xi) ■ ■ ■ Ui^ (xn)) after the sources 
are set to their vacuum expectation value. Due to the 
absence of 3-point interactions and mixing, the decom- 
position of the auxiliary cr-propagator is again simplified 
compared to the result given in Fig. [4l 



o - oo 



T4^\^]=T,[^^,^P,aS\i']] 



(121) 



where the different prefactors of the loop correction arise 
due to the fermionic nature of the fields. In contrast 
to the decomposition of the Hamilton propagators there 
is no difference between proper and connected 2-point 
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functions in the case of the auxiliary field due to the 
absence of mixing, and the proper correlation functions is 
simply the inverse of the above equation. This concludes 
the demonstration of the developed formalism to the case 
of theories with auxiliary fields. 



VIII. COULOMB GAUGE YANG-MILLS 
THEORY 

As detailed in the Introduction the main motivation for 
developing the presented formalism is given by the fact 
that the first order formalism might be better suited for 
non-perturbative studies of Coulomb gauge Yang-Mills 
theory. As a first step into this direction we will apply 
the formalism developed so far to give the explicit rela- 
tions between the two-point correlation functions of the 
transversal and longitudinal components of the conjugate 
momentum to the ones of the gauge field. 

The starting point is the Hamiltonian density of 
Coulomb gauge Yang-Mills theory: 



"^Coul ~ ^YM + "Ha, 



(123) 



where Wym is the part of the Hamiltonian density of pure 
Yang-Mills theory 



\{. 



Wym = -{p" -p^ + B" ■B''\-p^-D'"'a''. (124) 

Here, Bf = e,jk (V^A^ - Igf^'^A^Al) represents the 
chromomagnetic field, a^ the time-component of the 
gluon field, whereas W'^ = VS"^"^ — gJ'^^'^A^ is the co- 
variant derivative in the adjoint representation, with the 
structure constants /"'"^ of the color-group SU{?>), and g 
denotes the gauge coupling. On the other hand. 



Ha = A°V • A" + c°V • ZJ^V' 



ah b 



(125) 



is the piece of the Hamiltonian density related to gauge 
fixing terms. Above pis the conjugate momentum of the 
gauge field A^^° = (A°, a"^), c and c are the Grassmann- 
valued Faddeev-Popov ghost fields introduced by fixing 
the gauge, and A° is a "colored" Lagrange multiplier field. 
Note that the "canonical action" in the present case is 
given by 



/n = d 



(r 



A'^ - He 



oul 



(126) 



It is remarkable that the ghost sector of the Hamilto- 
nian is fully disconnected from p^. By identification of 
q = (A", (7°, A") the above "action" can be written as 
a functional Taylor expansion involving a pure bosonic 
piece like Eq. ([55]) and one containing the ghost field as 
Eq. ([50]) . This fact allows therefore to use the general 
expressions derived so far. 

Except for the inverse, bare ghost two-point function 



the remaining inverse tree level propagators of the theory 
are presented in Table IH Note that Iq involves four- 
vertices that have the following form in momentum space 



Tabc(pAa) 

j-abc{ccA) 

j-ahc{AAA) 



jabcd{AAAA) 
Oijlni 



= tgKciJ J 



Siiikc 



(128) 
(129) 

(130) 



2 r j: j: r -face j^bde fade fcbel 
= -.9 |<5-y<5im [/ / ' J J \ 

+ 5a5,m [rb^r"- - jadejbce^ 



with all momenta defined as incoming. 

The decomposition of the conjugate momentum into 
transverse and longitudinal parts, p" = 7?° — V-Jl", makes 
it convenient to study the required complete cancellation 
of the energy divergences \4, M, @1 that emerge in a per- 
turbative treatment of Coulomb gauge Yang-Mills theory. 
Certainly, such a decomposition increases the number of 
fields of the theory and leads to 

d*x ( 7?° • A<^ ~ Vfl" ■ A" + -n^V^fl" 

- Hcoui(p^^)-T"V-7r'^-Vr!".5'^V), (132) 

where r is a colored Langrange multiplier field which ap- 
pears via the transversality condition of n. In this con- 
text, the general structure of the connected two-point 
functions is given in Table HTl The latter may be found in- 
dependent of any approximation but based solely on the 
principles of BRST invariance, spatial and time-reversal 
symmetries and transversality properties of the vector 
propagators. Each dressing function A^^ is a dimension- 
less scalar function of fcp and P except the ghost propa- 
gator 



^ab{cc) _ J. 



ab^^k^ 



k^ 



(133) 



jab{cc) 



2 sab 



-k'5 



(127) 



depending only on k^ . The tree-level propagators are 
obtained when 

Ana = AnA = 0, 

Aaa = A^^ = A^^ = Actct = Acto = Acta = A'^ = 1. 

(134) 
For a complete description, the reader is referred to 
ref. [4i]. 

The general results of the preceeding sections can in 
principle directly applied to Coulomb gauge QCD as well 
by decomposing the momentum field into its individual 
components. However, since the longitudinal momentum 
field features more complicated bare correlation functions 
that involve additional derivative operators we derive the 
corresponding expressions of subsection IIIIBI once more 
taking now the general action (jA7p into account. To this 
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end we first have to relate the bare momentum correla- 
tion functions with the corresponding ones for the indi- 
vidual momentum components. We formally express the 
decomposition via a the operator X 



as well as analogously for the longitudinal expressions 
I^^,=niXu^ (139) 



TT-i + di^ = TTi + XijVtj and Xi, 



5Q.J 



(135) 

Expanded in a local series in terms of the individual mo- 
mentum components the general canonical action takes 
the form 

+niXaniq, + ]^XaI^^f,X,u^i^k + \ll^;^^Xaniq,qk 



with I^ = - 

transverse tree level correlators 



The above expression yields for the 



jTTq 



jPq TTTTV _ JPP 



(137) 



/o%" = XulPff^Xk, = -XuSikXk, = -V^Sj, (140) 



and 



jnqq ^ S S S 
°'^^ 6n,6q,6qk ° 



^~I^!^A,. (141) 



TTSl,q=0 

The Gaussian integration over tt yields 

s[q, n, J^ f\ j^] = 5o + \j:j: -f jf^ 

2 dqi 



jqQ. 



rOOf 



ilqq. 






(142) 



and 



j^qq ^ J_J_J_T 



Tpqq 



TT, 0,9 = 



(138) 



where Sq is given by Eq. (62) and J* are the correspond- 
ing sources associated to the momentum fields. Similarly, 
the subsequent Gaussian integration over Q gives 



s[q, J^ j^ J'] = so+ \j:j: + j^^ + j^q. \j!^ (in:- J? -J? i^n:- (<?« + llo^Wq, 



irqn (rnn\-^ jqn 

2 oji vo )ii -'om^yjy™ 



2 Oji v-'o 






uqjqmqu o^oimu vo )ij ^i^jkiqmquqiqk- 



(143) 



r 



By collecting the terms of the same order in q we obtain 
the bare vertices in the second order formalism in terms of 
those that arise in the first order formalism. Thereby, the 
master equation for the momentum propagator Eq. (|43p 
becomes in the case of the J7-field 



. nn 



{ir) 



rqfl 



1 



-ilqq 



Slm+^{IZ<lu + ^IoZ1kqu] (144) 



rqn 



jUqq 






{in 



mj 



whereas the corresponding mixed version Eq. (|45p is 
given by 



A' 



qil 



'' Sqi 



IquwiIu 



- T^qq 
>mku1kqi 



Tnn\ 



I mj 



,(145) 



Here the q fields in Eqs. (|144p and p45p again have to 
be replaced by 



q[J' 



i oq 



(146) 



The corresponding equations involving the n field are 
identical to Eqs. ([33]) and (|^5)) . Performing the same alge- 
braic steps as in sect. |V] yields the corresponding decom- 
position of the Hamilton propagators in Coulomb gauge 
QCD. The result is displayed in diagrammatic form in 
Fig. [3 it constitutes the main result of this section. We 
have also checked the structure of these expressions by 
an explicit projection of the general equations on the cor- 
responding momentum components in appendix [E] 

Next we will consider the other direction of the connec- 
tion discussed in Sect. lIVl the one which expresses proper 
Lagrange correlators in terms of Hamiltonian ones. This 
is interesting in the context of Coulomb gauge QGD, 
since in the Hamilton framework a complete proof of the 
rcnormalizability of the theory seems possible due to ex- 
plicit cancellations ensured by powerful Ward identities 
[8| . Here again it is the particular definition of the longi- 
tudinal momentum that complicates the issue and does 
not allow to give these equations explicitly. Nevertheless, 
one can easily convince oneself that these equations are 
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FIG. 7: Decomposition of the proper 2-point functions of Coulomb gauge QCD in the first order formalism in terms of 
the corresponding correlation functions of the second order representation. The spatial (A) and temporal {a) gauge fields 
are represented by solid respectively dotted lines whereas the corresponding transverse (tt) and longitudinal (Q) momenta by 
zigzag respectively wavy lines. The equation for the longitudinal momentum propagator is identical to the one for the transverse 
component and given by replacing zigzag by wavy lines. 
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TABLE I: Tree level proper two point functions (without color 
factors) in momentum space. 
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n 
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{ft2_fc2) 




"p" 




-ik"AA„ 



T 



(fe2-fe2) 
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fc2 
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~P~ 

fc2 
'fc°AfiA 
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— ik^ 

~P~ 



-»fc°A^A 



-ifc°A;^ 
fc2 





— Zfcj 

~p~ 



TABLE II: General form of propagators in momentum space. 
The global color factor 5"* has been extracted. All unknown 
functions A^^ are dimensionless, scalar functions of fcg and 
k^ . Here Tij = lij — kikj/k^ is the transverse projector in 
momentum space. 



given entirely by tree graphs that introduce no additional 
divergences. Therefore, once the renormalizability of the 
theory in the first order formalism is established, the cor- 
responding connection immediately implies renormaliz- 
ability of the theory also in the Lagrange framework. Yet 
the cancellation mechanism of arising divergences might 
be far from obvious in the latter framework and could 
nevertheless prevent simple truncation schemes. 



Next we consider the functional symmetry identity. 
The canonical action Iq is BRST- invariant, i.e. invari- 
ant under 

SA" = -i3°"c"(5A, Sa" = --D^'^'c'^SX, 
9 9 

Sc" = -X'^SX, Sc" = -l-r'"'c''c''SX, (147) 

9 2 



Sf" 



r'"'c''6X {l-a)f-aE' 



, SX" = 0. 



Here 5X is a Grassmannian infinitesimal parameter, 
whereas L»°'"= = S^^do + gf^^a^. On the other hand 
E" = -Vcr" - D^'^'A" is the chromoelectric field. Note 
in addition that a is some color-singlet constant which 
in general could be some function of position. 

By considering the above transformation the Slavnov- 
Taylor identity reads 



= lV[(j)]ld''x{--p''D 



,a r^Oab b 



9 9 



1 



X exp{i/o-l-i/s}, 
where 



Jr 



(148) 



/,, = / d 



i X <p (T + J -A +0 7] +?7C + p ■ Jp f ■ 



(149) 
Employing a procedure analogous to the one used in 
Sect. IIIIDI we obtain 







m d 



1 



pajjOab^b 



9 9 



X exp {iSq -f iSs} , 



■Jr. 



(150) 
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where 'D[(p] denotes the remaining integration measure of 
the fields c, c, A and ct. Expressed in the field strength 
tensor F^^ = df.A'^ - d^A"^ + gf^^A^^Al one has 



So 



d^x 






(151) 



Ss = 



d^x |pV + J" ■ 1" + c^rj" + fj^c" 



+ 2 P P 



- j; ■ E" 



(152) 



In addition we decompose the source Ja = Ja ^ '^^Ja' i^to transversal and longitudinal components. Employing 
this decomposoition the Slavnov- Taylor identity can be written as 







V\. 



9 9 9 



fabc-a^b^c _^ fabc^b^^ _ ^) 



j: ■ j: 



V ,n V jn 



r 



abcJ} 



jaoc^ 



E^ ■ JJ - E' 




where 



E^ = T^E" 



and Ef = ^E^' 



(154) 



This completes the application of the developed formal- 
ism to Coulomb gauge Yang-Mills theory. 



IX. SUMMARY AND OUTLOOK 

We conclude with our main result that given a quan- 
tum field theory in the context of the first order formal- 
ism it is possible to decompose all Green's functions in 
terms of those obtained from the second order formalism 
and vice versa. Whereas proper Lagrange correlation 
functions are given explicitly to all orders and involve 
only tree graphs involving dressed Hamilton correlation 
functions, the decomposition of Hamilton n-point func- 
tions involves loop graphs of loop order n. Although the 
structure of the latter equations seems to be somewhat 
cumbersome, they are still more compact and simple than 
the usual DSEs within the Hamilton formalism. We have 
discussed the connection between the Hamilton and the 
Lagrange formalism for a general quantum field theory 
and illustrated the detailed structure of the arising rela- 
tions in the important case of a generic four-dimensional 
renormalizable field theory. 

In accordance with the obtained equations we have ar- 
gued that in theories where the quantum average of the 
momentum fields is completely determined as p — q the 
proper p— propagators receives quantum corrections only 
via wave-function rcnormalization. Additionally, it has 
been shown that the canonical momentum fields which 
can be defined from the Effective Action and those given 
by the quantum average of p are in general different. 

As a demonstration of the general nature of the pre- 
sented formalism we also showed that the results ob- 
tained in this paper can also be applied to the case of 
theories involving auxiliary fields from a linearization of 



the interaction part of the action. This yields general re- 
lations between correlation functions in the fundamental 
theory and the linearized form involving auxiliary fields. 
A major difference is that in this case the fundamental 
and the auxiliary fields do not mix which simplifies the 
connection considerably. 

Clearly, the determination of Green's functions of 
Yang-Mills theories in the first order formalism is con- 
siderably more complicated as this case, or even when 
compared to scalar or Abelian gauge theories. The pres- 
ence of a coupling between the gauge fields and their time 
derivative as well as the subtleties of gauge fixing present 
major complications. In particular the renormalizability 
still poses a major challenge. The presented general con- 
nection of all Green functions in the two formulations 
implies that no additional divergences arise when going 
from one to the other. However, what still needs to be 
shown is that the theory is renormalizable in both for- 
mulations once a proof is given for either of them. On 
the other hand, renormalizing the theory is probably sim- 
pler in the first order formalism where energy divergences 
explicitly cancel. The obtained connections should then 
help to renormalize the second order theory where nu- 
merical calculations are far simpler. A detailed analy- 
sis of the renormalizability in Coulomb gauge Yang-Mills 
theory will therefore be presented in a forthcoming pub- 
lication. 
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APPENDIX A: p INTEGRATION OF Z[J]. 



The canonical momentum fields defined as 



In this appendix we perform the integration over the 
momentum fields in the vacuum-vacuum transition am- 
plitude in presence of the classical sources. In order to do 
this, we assume a general quadratic Hamiltonian density 
given by Eq. ([M)) . In order to evaluate the Gaussian func- 
tional integral over the momentum fields we first consider 
a finite dimensional generating functional 



N 



l-oo N-1 



^{Io-C + j;q' 



(Al) 
with the momentum field dependent part of the action 



1 



Io = -:,p'A^jpi + {e->3' + j;)p' 



(A2) 



By completing the squares in the above expression we 
arrive at 



In 



7r*(-Ai)7r^' 
[q^ ~B^ + j;] A~j' [q^ - B^ + 4] , (A3) 



where tt' = p' — A^^^ {q^ — B^ + J^)- By considering the 
change of the integration variables from p^ to tt* we obtain 



pr^^=A^-M'Z](9^'-^^M) (A9) 



allow us to identify and substitute the last term in S[q, J] 
by its respective definition, and to eventually obtain the 
desired form of Eq. 



APPENDIX B: PROOF OF THE GENERAL 

FORM OF THE DECOMPOSITION OF PROPER 

LAGRANGE CORRELATION FUNCTIONS 



In this appendix we prove the statement made in sub- 
section UvU] that the replacement rules precisely gener- 
ate the p-connected correlators. As usual for a statement 
over the integers this is done by induction. The state- 
ment is trivially fulfilled in the case n = 3 given explicitly 
before. Now let us assume it is fulfilled for all integers 
< n and show that this implies its validity for n + 1. In 
the p-connected diagrams with n legs we single out the 
proper vertex we started the iteration with. This vertex 
can be connected to other connected clusters so that all 
arising graphs have the general form 



2 — 1 



with 



.N-l 
i=0 



^5[,,J] 



--tt'A'^tt^ 
2 



(A4) 



(A5) 



[m/2J , 



n® =El=on=l>'^Vi{m..}) [" 



(P) m. 



and 



S[q,J] ^So[q] 



+ ^;-^w^ + jw + j-pA-^mq^-B^q]) ■ 

Here, the action Sq can be obtained by considering the 
limit of S[q, J] when J -^ 0. Explicitly it reads 

So[q] = y^A^'W -q'A-^iqWiq]- J d^xV[q], (A7) 



where 



VM 



-B%]Ai^[q]Bnq]+C[q]. 



(A6) Here we suppress all external legs and only give their 
number next to the corresponding vertex. The sum over s 
counts the connected clusters attached to the considered 
proper vertex which in addition has n — m external legs 
and the implicitly given sum labeled 'D[{mi\) runs over 
all ways to distribute the remaining m external legs to 
the s indistinguishable connected vertices (taking into 
account that a vertex has at least 3 legs). 

Next we consider the attachment of an additional ex- 
ternal leg via the rules given in Fig. [U applied in all 
possible ways. The above representation then goes over 
(A8) to a n -|- 1-point function of the following form 
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,Lm/2J 



® 



n © ^ E;;,=2 En(-^ Ep({„,}) ELi ( [ n - , 



(P ) Ills 



I riii + 1 + n - m I 



■<£)' 



(P) mi 



(P ) mi 



(P), 



4m/2J 



+ E;;.o Ei"^^^ E^({,„J) ( [ •: n - - + 1 ] + ELT [ 2 ^ 



(P ) »"i 



(P)mi 



r 



Here the connected cluster with n + 1 legs in the first 
class of graphs is labeled by the additional index R (for 
reduced) since one of the legs is connected to the p- 
propagator instead to a composite external leg. The 
derivative of this propagator is explicitly present via the 
second class of graphs. When the new proper vertex is 
absorbed in the connected cluster, according to the in- 
duction assumption [mi + 1 < n) these two terms to- 
gether precisely yield the full p-connected vertex with 
m -\- 1 external legs and without the index R. Since 
each connected cluster had before already at least two 
external legs, together with the new one there are now 
at least three. Terms where besides the new external leg 
there is only one other external leg at a connected cluster 
are explicitly given by the fourth class of graphs involv- 
ing a new "connected cluster" that consists only of the 
proper 3-point vertex. Finally, the general expression at 



J 



order n + 1 contains also graphs where the new external 
leg is attached to the proper vertex itself, given by the 
third class of graphs. Altogether, the sum of the different 
classes of graphs precisely yields all necessary graphs at 
order n -I- 1 , which completes the proof. 



APPENDIX C: EXPLICIT FORM OF THE 

DECOMPOSITION OF PROPER HAMILTON 

CORRELATION FUNCTIONS 

In this Appendix we give the complete results for 
the decomposition of the proper 2-point function in the 
Hamilton formalism in terms of those in the Lagrange 
formalism. We represent the appearing operator inverses 
in terms of Schwinger proper time integrals. The mo- 
mentum correlation function is given as 



rrf(fc) 



daexp < —a 



5^o - ^ / <^IlZik^ ^-k, -^)/oT™,(-, k c., ^k)Alliu; - fc)A^„'(c.) 



i J<katt,lZ'i{k, ^i^k, ~t,)lZl^{-Lu,u + fc, ^k)All{p - k)A^^i-t,)All{~Lo)TllZiLu,^, k-f,,-u-k) 



1 



X AlU^u; -k)-- duxtfil^^^^{k,iu- k, -^)llZrM + k^ "^' ~k)All{co ~ k)Tll\{-k - /., fc - c.,c. + m) 



X Ar,{~u:)A'}?^{^Ji + k)All{u: + /.)qf,(-c. - n,u,^^)All,{^,)] } 
whereas the mixed correlation function reads 



ij 



da exp < —a 



(CI) 



5a-- J du;lZMk,u;- fc, -i^)lZU^, k - uj, -k)All{u; - k)AZH 
duxtfil^Zksik, f^-k, -A.)CL(-^>^ + k, ^k)AZ{p - k)AlU-f^}Kl{-^niZ{u^,fi, k-f,,-u;-k) 

X A?«,(-c. - fc) - 1 j ctud„llZ{k,^ ~ k, ~uj)IZUp + k, -f^, -k)AZ{u - k)T™{~k ~ f^,k - uj,uj + ^i) 
X A1l{-u;)All{f, + k)All{Lu + ^l)Vll\{-uJ ~ m, lo, ^i)All,{^i)] } 

^k,5i, - '- JdalZU-a - k, a, k)A%{a + k)rlfja + k, -k, -a)AZia)^ . (C2) 



X < —I 
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The fundamental field correlation function is finally given by the lengthy expression 



Tjj"{k) = rf/(fc) - \ ^k,6u -U dpiZtik - P, P, -k)All{p k)All{p)rl1^ip - k, k, ~p) 



da exp < —a 



- \ ldu£f,F,^lik, M - fc, -^^)IZU-^^ ^ + k, -k)All{p - k)A1U~f,)Alli-u;)rilZ{u;, ^, A; - /i, -c - k) 
X Alli-Lu -k)-l fdcalpI^Zik, u^k, -u)lZAp. + k, -/i, -k) Allium - A;)r^'4(-fc -p,k-u,u + p) 



X All{-u;)A'i^^{p + k)All{u: + p)T^^^{-u: - /i, u, p)All^{p)\ ] 



X <i -^k,5l, - I dall]l,{-a k, a, fc)A%(a + k)rlfJcT + k, -k, -<j)Al\ia] 



(C3) 



r 



APPENDIX D: FIRST ORDER 
DYSON-SCHWINGER EQUATIONS 

In this appendix we derive the DSEs in the first order 
formalism directly. In order to do this we compute Eq. 
p^ with the canonical action given in Eq. (|58p 



ST 



H 



Spz 



«0 

Spi 



/,+ |A*<*.^ 



-Pi 



IT 



mill 



jiip „ „ 



0^0+|A**^ 



(Dl) 



We can identify the sum of the last two terms inside 
the bracket as the quantum canonical momentum fields, 
which allows to write the above relation as Eq. PT|) . 
The substitution of Eq. (jDip in Eq. (|35|) , allows to write 
the latter as 



^r 



H 



Sqi 



Sqi 



Prn 



SSq 
Sqm 



S^So 



SqtSqr, 



i^^+if-Aff^ 



(D2) 



where 

SSo 

Sqi 



tiptpi 

^Ojl^Oli'Jl 
1 

1 



T^S^M^ik 



-^■S™ki<}j<lkqi 

qqp jpq 



'-Oijlj + ^Oijm-'-Omk'io'ik 



I 



^Ojkm^OmiljIk + ^^Oijk'ij'ik + o}Ioijkl1jqkqi 



Inin^^QmklljIkqi 



(D3) 



and 



SSo 
Sqm 



_fSo_ 

SqiSqrn 



'^OimP'rn, ^ ^QiimP-rnq] 



jqp jpq 



jmp jpq 

^Oijm^Omk'ij'dk 



_ _ r99P TPq „ „ 
2 Ojkm^Omiqjqk 

X lonMljIkqi- 



_Tqqp 

c\ Oijm 



(D4) 



In the last two equations we have used the elementary 
decomposition of the bare elements and Eq. (|70p . Plug- 
ging Eqs. ((D3l) and ((D4)) into Eq. ((D2]) we arrive at the 
DSE (flTUD . 



APPENDIX E: EXPLICIT PROJECTION ON THE 
INDIVIDUAL MOMENTUM COMPONENTS 

Defining the transverse projector T^ — Sij — didj/S/"^ 



one has 7rf 



and n" 



V 



• p". As no time 



derivative appears one can obtain A^'" , A'^J^ , ^'iP' i and 
A^^^ by projecting p in the two-point functions A- -^j A^^ 
and Aff . 

For instance to obtain Af^ we decode the result given 
in Eq. ([55)1 . Let us first identify the fundamental field 
q with index i with A"^. We then expand the remain- 
ing sums over the fields involved in the g's considering 
all possible combinations which generate the bare vertex 
-^ofjTc ■ "^^^ bosonic symmetry of the latter allows to 
write 



^7 = ^a 



AA 



( T^P — n T'^^P A "'''' r<^AA A AA \ f-p -i >, 

\ Olj ^-'Qukj'-^um'^ mln '-^nk J ■ \^^) 



Here no internal propagator like A^^ appears since no 
proper vertex functions with A— derivative exist. The re- 
lation between this function and A^'^ is given by 



.Att 



Ap 






■ jcrAp K (7(7 YaAA\AA\ 
Oukr um mln iik j 



(E2) 



Obviously the case corresponding to Afp is obtained by 

replacing in Eq. (|Eip A ^f a where appropriate and 
considering the relation 



ij 



—A^P 



V2 



Ar 



{^ot, 



■ j-a-Ap \(T(T j^aaA \AA 
Oukj um mln nk 



(E3) 



24 



Note that the sum over r in Eq. (|E2p and over j in Eq. 
(|E3|) must be understood over the discrete spatial indices 
only. 

Clearly, by demanding a similar procedure we obtain 
that 



A"" = T" T^^ Af,^., and A„ 



nn 



i_^AP^ (E4) 



with 



\PP _ X __ \Pq-pqq \qp _ AjpAa \AA \aa juAp 



Oikl ku Ix ny yxuz zm Onmj 

_ tP^^ A^^ A*^^ AfTtTT^trAq Aqqj^qtrA a AA j^^Ap 
Oikl ku Ix np puq qy yxz zm Onmj 

_ jpAo- \AA Aaa AAA-pAAq Aqq-pq(T(T A(T(T rtjAp 
Oikl ku Ix np puq qy yxz zm Onmj 



(E5) 



Note that the sum over all field components qi in the 
internal progators leads to multiple possibilities. 

The Fourier transformation of these expressions read 
therefore 



A:^^^''\k) = A--^^^\k) [i^koTi,{k)S^' - ^T,S) j du.C}^'''\k - c.,^, -k)Ati^^\u - k)TZ':^^^^\u: - k, k, -c.) 

X A''<'"''> {lu)), (E6) 

^aK.O)(fc) ^ A'^'(-)(fc) i^-S^'-tJdn^Cf^^'\k-cu,co,-k)Ati''^\u^^k)T'^Z^^^^^ 

X A^^'^'^uj)] , (E7) 



A 



ab{7T7r) I 



ae(7rA) / 



-^ec{AA) I 



cb{ATT) 



(k) = T,,{k)S'^'' ~ AZr\k)TZr^>{k)A'',:;'^^^>{k) -Tu'{k)T,,,{k) U dLui;^^^^^^^ 



j-acd{pAa) / 



X Alii^^\cu - k)A'<'^'^\u.)C^r^''\c., k-u;,-k)+J Aod^,I^,f^^^^\K H ~ k, -A.)A™/^^V " k) 

X A'^/(--) (-A^) A^^(-) (-^)r^{"'(---^^) iLo,^^,k-^,,~uJ- fc) Ai{(^^) i-uj - k)C};^^^ (-C., c. + fc, -fc) 

+ ldu;dfiI^f,^P^^\k,u;~ k, ~iu)Al'i^^\cj - k)Tlf^'^^'^\-k -ti,k-u,u + a.)A'^-(--)(~c.) 

X A™(-) (m + fc) A^^^f-'') (^ + A*)r-*(^--4) (_^ _ ^, ^, m) A^{1^^^ (a^)/o5'^^'^ (a. + fc, -a., -fc) 

+ jAodf,lZf'^^\k,u;- k, -co)Ati^^\co - fc)rl';,(^^«)(-fc - ^, fc - c.,c. + A^)Ari^-^)(^ + k) 

X A'^-(--)(-'^)Ap^^(««)('^ + M)rr'^"'^^(-^ - f^,^, M)A*/(--)(M)4(y^p)(M + fc, -M, -fc), 

^a6(ao)(^) = l5-''-A:'„f'")(A;)r^„^('^'^)(fc)A^f"'''(fc)-^|z [ du;I^^,'^P^''\k,u; ~ k,~u;) 



(E8) 



A:2 



fc4 



X Alii^^\co - k)A'<^^\u)lX^^^^\u.^ k-u.,-k)+J du;df.i:;:,'^''^^\k, ^^ - k, -^^)AZ^^^\^, - k) 

X A'^/(--) (-^) A-^^f--) (-^)r^{"'(---^^) (^, M, A: - M, -^ - fc) Ai{(^^) (-c. - fc)/olf ^"^ (-..,.. + fc, -fc) 

+ j d^dy^lZt^^^^^ (fc, c - fc, -c.) A^,f ^) (^ - fc)r::';'('^^«) (-fc - M, fc - ^, ^ + ^) A'^-(-) (-..) 

X A^<^^^ (m + fc) A^'f ') (^ + ^)r^f (^--4) (-C. - ^, c., m) A^{1^^) (A.)/olf ^^^ (a. + fc, -A., -fc) 

+ Jd.df,I-,f^^^^ {k,u;-k, -c.) A^,f ^) (^ ~ fc)rl';,(^^^) {-k-f,,k-co,co + A.) A-(^^) (^ + fc) 

X A-^-^--) (-^) A^^(««) (^ + ^)r-*(''--) (-C. - /., .., Ai) A*/(--) (/i)/ol',^''^''^ (/i + fc, -/i, -fc) . (E9) 

I 



The bare Greens functions involving the full momentum pressions given in section rVIIII which results in the equa- 
field can now be expressed by the corresponding expres- tions given in diagrammatic form in Fig. [T] 
sion for the individual components via the explicit ex- 
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